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Pshenichnyi [l] obtained the necessary and sufficient conditions for the capture by a group of pursuers 
of a single evader in the problem of simple pursuit with equal resources of the players. The only extension 
of the given problem is Pontryagin’s example [2] with many participants and identical dynamic and inertial 
resources of the players. The problem has already been examined [3] for the case where matching of 
the phase coordinates is a condition of capture. In the present paper, matching not only of the phase 
coordinates but also of the velocities is a condition of capture. On the assumption that the roots of the 
characteristic equation are real and non-positive, sufficient conditions of capture are obtained in terms 
of the initial positions. For inertial objects, the conditions are obtained for the capture by a group of 
pursuers of at least one evader, provided that all evaders use the same control. The present paper touches 
on earlier investigations [2-61. 

1. THE CAPTURE OF A SINGLE EVADER 

In the space I? (k 2 2), we consider a differential game I- of 12 + 1 persons: n pursuers P1, P2, . . . , P,, 
and an evader E. The law of motion of each of the pursuers Pi has the form 

(0 xi +a,+ U-l)+ . . . +qni = ui, UiE v (1.1) 

The law of motion of the evader E has the form 

yC1)+u,y U-1)+ . . . + a/y = u, UE v (1.2) 

Here, Xi, Yj, Ui and v E Rk, ~1, . . . , al E R1, and I/is a compacturn. When t = 0, the initial conditions 

x!*‘( 0) 1 = xya, yCU)(0) = y:, a = 0, . . . . I- 1 

are specified, where xyo #yi and xyl # yy. Here and below, unless otherwise stated, i = 1,2, . . . , n. 

Dejinition 1. In game I-, “soft” capture occurs if T > 0 and the measurable functions Ui(t) = 
ui(t, &, y”,, u,(e)) E I/ are such that, for any measurable function u(.), u(t) E V, t E [0, T], time 
T E [0, T] and a number q E {1,2, . . . , n} exist such that 

X,(T) = Y(% $0) = >;(Q 

Instead of systems (1.1) and (1.2), we will examine the system 

(0 
Zi +UlZi 

(I- 1) + 
. ..+U~Zi = Ui-2), ui, UE v 

Zi(0) = ZOO = X~O-yXp .*.9 Zi “-l’(o) = z;1-, = &-Y;-, 
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We will denote by ‘~4 (q = 0, 1, . . . , I- 1) the solutions of the equation 

(.J1)+a &U+ 
1 . . . +qo = 0 

with initial conditions 

w(0) = 0, . . . . dq-“(o) = 0, co(Q)(O) = 1, o(q+ “(0) = 0, . . . . o’-‘(o) = 0 

Assumption 1. All the roots of the characteristic equation 

h’+a,h’-‘+ . . . +a, = 0 (1.5) 

are real and non-positive. 
We will denote the roots of Eq. (1.5) by 3L1, . . . , A, (1, < kz c . . . < h,), and their multiplicities 

respectively by kr, . . . , k,. 

Lemma 1. Suppose Assumption 1 is satisfied and A, = 0. Then cpl _ r(t) 2 0, Ql _ r(t) 2 0 for all t 2 0. 

Lemma 2. Suppose Assumption 1 is satisfied and A, < 0. Then 
(1) cpl_ r(t) 2 0 for all t > 0; 
(2) a r. > 0 exists such that $;r(t) >O t E (0, ro), @l-r(t) < 0, t E (TO, -). 
The assertions of Lemmas 1 and 2 follow from a well-known result [7, p. 1361. 
Further, let 

l-1 
Si(t) = C (Pk(t)Z~ 

k=O 

Then & can be represented in the form 
I-1 

&(t) = C f?"'Pji(t) 

j=l 

where Pji are polynomials. We will assume that degPsi = k, - 1 = y for all i, otherwise the pursuers initially 
achieve satisfaction of the given condition, selecting their controls ui(t) in a fairly small time segment 
such that the coefficients of tY in the polynomials’P;i are non-zero. 

We will consider the case 
h, = 0, k,22 (1.6) 

and introduce the notation 

M(f, z) = min cP’-*(t-Q $+-,(f-Z) S-1e'~"-7)fj(t-t) 

t Y  ' 

R(f,t,Q = c 
j= 1 y(f-Z)Y-' 

Lemma 3. Suppose Assumption 1 and condition (1.6) are satisfied, Then, for any T > 0 

lim M(t, z)dz = 00 
,+=- I 

T 

Proof. The functions cp~- 1, (pr _ 1 can be represented in the form 

cp,-,(r-z) = qt-~)rll +g,(r-2)l 

cp,_,(t-7) = ayy(t-r)y-‘[l +g*(t-2)] 

where 
Y-1 g,(t-T) = c--AL- Y-1 
,=o(t-z)y-’ +R(P,t,Q, g2(t-Q = c bl - + NQ, t, 7) ‘= *(t-p 
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Suppose E E (0, 1) and z E [0, #I. Then t - ‘t 1(1- &)t and 

Jgl0-q s c ’ --!+!-+Z’(t) = A,(t) 
, = , tr( 1 - E)’ 

= A#) 

where 

s-l max IPj(t-r)l mm lQj(t- 711 
y(t) = c e*J(‘-Ey(r), C;(t) = ‘E [osEfl 

tY(l -&)r ’ 
c;(t) = 

r E [O, et] 

j=l $‘(l -E)Y-I 

Since AI(t) and A&) + 0 where t + 00, 9 time To exists such that ] Al(t) ] I l/2 and ] AZ(~) 1 I l/2 for all t > TO. 
Therefore 

(P,-,(t-T)1 ‘/py(r-r)y, @r-,(r-2)2 ‘/*ayy(t-r) Y-1 

for all t > To and z E [0, ti]. 
Hence, for all (t, 7’) such that T > TO and ti > T, the inequality 

holds. 

Further, let 

zp = lim P,i(t)lrY, h(A, u) = sup{h]h>O,-hAn(V-u)+O} 
r-b- 

s = inf maxk(zP, v) > 0 
u6V i 

Assumption 2. The function h($, U) are continuous at all points of the form (2, U) for which 
h(zy, u) > 0. 

Lemma 4. Suppose Assumptions 1 and 2 and condition (1.6) are satisfied and 6 > 0. Then a time T 
exists such that, for any admissible function v, a number i will be found such that hi(T) I 0, where 

T 

h,(t) = 1 -Ipi(T, 2, u(f))dr 
0 

proof. Note that 

a moment To exists such that 
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for all t > To and u E V. We will consider continuous functions hi, taking into account that 

h,(O) = 1, pz,(z-) In - jryx&(T, 2, u(7))dz 

i 0 ’ 

Suppose T > To. Then 

maxpi( T, 7, u(7)) 2 iM( T, 7) 
i 

and therefore 

j P, 
T 

max ,(T,r,U(T))&>~jM(T,7)d7 = g(T) 
0 i TO 

Consequently, Z$Q( 7) I n -g( 2). SincerlFrg( I”) = + - , a moment Tl and a number i exist such that hi( Tl) I 0. 

Let 
T 

? = inf T20: inf max &(T, 7, V(2))& 2 1 
u(.) c Cl(T) i I 

0 

where Q(T) is the set of all measurable functions v defined in the segment [0, T] and taking values 
in V. 

By virtue of Lemma 4, ? < 00. 

Theorem 1. Suppose Assumptions 1 and 2 and condition (1.6) are satisfied and 6 > 0. Then, in game 
f, “soft” capture occurs. 

Proof Let II : [0, fi + Vbe an arbitrary admissible control of the evader E and tr be the least positive 
root of the function h of the form 

t 
h(t) = 1 -maxJpi(?, 2, U(Z))& 

’ 0 

Let ai be the lexicographic minimum among the solutions of the system 

-fjiCp9 7, ~(7>>zeC&(p>, t) = 2e(Cp,- ICTA7)V p)(“- u(7)) 

We set the controls of the pursuers Pi, supposing that Ui(r) = ai( We assume that pi<?‘, ‘c, u(r)) = 0 
when z E [tr, T]. Then 

P 
ZL(Zi(f), Q = ~(si(~), f) +JZ((pl-,(t-7)9 t)(“i(z)- u(7))d7 = 

0 

tl 
= ~(5i( t), ~)hi(~) = 1 -jj3i(F9 2, u(z))dz = O 

0 I 

The theorem is proved. 
We will consider the case 

and introduce the notations 

h, = 0, k, = 1 (1.7) 
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In this case 

S-l s-l s-l 

@l-,(t) = C eArtQ,(t), ci(t) = C eAjtPji(t) +z:, (i(t) = C eAJrQji(t) 
r= 1 j=l j=l 

Let degQ, _ i(t) = u. We assume that Q, _ ii(t) f 0 and degQ, _ ii(t) = u for all i. Let zi = j$n Q, _ #. 

Lemma 5. Suppose Assumption 1 and condition (1.7) are satisfied. Then, for any T > 0 

lim M,(r,z)dz = m 
I+- I 

T 

Proof. The functions cp~ _ r, Cpr _ t can be represented in the form 

qy,(r-2) = a,+g,(t-~) 

where 

@j-,(f-2) = e h’-,c’-“(t-z)~h,_,bC[l +g2(t-T)] 

S-l 

g,(t-2) = C eh’(‘-‘)Pj(t-z) 
j= I 

s-2e(A,-A,-,wo 1 

g20--‘5) = c 
Qj(t-z) p-’ b, 

+c-- 
j=l (t-‘ly r,O(t-Z)p-r 

Let E E (0, 1) and z E [0, a~]. Then t - z L (1 - &)t. Therefore, for gl(t - 2) and g2(t - r), the inequalities 

gj(t-z)IAj(t) 

hold. Here, Aj(t) + 0 when t + 00. Consequently, a time To exists such that 

(Plel(t-2)2 l/25, Qt- ,(t - 2) 1 1/2eS’-‘(‘-r)(t - T)‘b,h,-, 

for all t > Ta and z E [0, at]. Hence 

and therefore, for all T > To 

$r-l(t-T)e -%‘2 l/2( 1 - &)pb,h,- 1 

f E, 
jkf,(t,r)dT>jad7+w when t+- 
r T 

Further, let 

6 = inf maxmin{ h(zP, u), h(7,:, u)} 
vEV i 

Assumption 3. The functions h(.$, U) and h(zi, u) are continuous at all points (zy, u) and (zt, u) such 
that h(zF, u) > 0 and h(zi, u) > 0. 

Lemma 6. Suppose Assumptions 1 and 3 and condition (1.7) are satisfied and 6 > 0. Then, for any 
admissible function u, a time T and a number i exist such that hi(T) I 0, where 

Proof. From the condition 6 > 0 it follows that, for any II E V, a number i exists such that h(zy, u) > 0 and 
h(zf, U) > 0. By virtue of Assumption 3 and the condition 

zp = lim &(t), z: = lim ij(t)e -L G,p 
I--t=+ I-S- 
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a time TI exists such that, for all t > T,, the inequality 

holds. 
Let T > Tl. Then 

infmaxmin{h($,(t), U), h(ei(r)e -AJ-%P, 
u i 

u)} 2 ; 

T 

~L,(T)Sn-;pf,(t,r)$r = n-g(T) 

i T, 

According to Lemma 5, g( 7) + 00 when T + = . Therefore, a time To and a number i exist such that hj( To) I 0. 

Theorem 2. Suppose Assumptions 1 and 3 and condition (1.7) are satisfied and 6 > 0. Then, in game 
r, “soft” capture occurs. 

Proof. Let II : [0, ?] + V be an arbitrary admissible control of the evader E and tl be the smallest 
positive root of the function h. Let z&(z) be the lexicographic minimum among the solutions of the system 

-piCf9 z, v(z))y~(Si(T>, PI = z~((‘P~-l(‘-T)S T)(“-u(c)) 

We set the controls of the pursuers Pi, supposing that Us = G(r). We assume that pi@, T, U(T)) = 0 
when z E [tr , T]. Then 

t 

0 

The theorem is proved. 
Suppose 

-‘*’ f(r) &(f(r>, t) = e 
II II tr f(r)/& 

M,(r, 2) = min 
{ 

cPr-,(t-Qe 
-A,t 

-~r-l(t-~)e-As’ 

r7 ’ tr 1 

Lemma 7. Suppose Assumption 1 is satisfied and h, < 0 and E E (0,l). Then, a time To exists such 
that, for any T > To 

El 

Proof. The functions cp~- r, -Cpr- r can be represented in the form 

cp,- *(t--Z) 7 = a,(t-z) e As(‘-T)(l +g,(r,2)) 

-@l-l(t-T) = a,(-h,)(t - I’)‘, As+T)( 1 + g*(r, ‘5)) 

s-’ (Aj-li,)(l-*)P.(t-2) 
g,(kT) = C e 

7-’ a, -+c- 
j=l (t-T)7a7 ,=0(t-T)7-' 

S-l 7-I 

g,(c z) = x e 
(A,-A,)((-*) Qj(r-‘5) 4 

a- 
j=l (t-T)7a7(-hs) [=o(f--‘T)7-I 
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Let z E (0, Et). Then t - r 2 (1 - ~)t, and therefore 

/g,(t, T)[ 5 A,(t), IgZ(t, G15 AZ(~) 

and here A,(t) and A$) + 0 when t + 00. 
Consequently, a time To exists such that Ig,(t, 2) 1 < l/2 and lgz(t, 7) 1 I l/2 for all t > To and z E (0, it). 
Therefore 

cp,-,0-e 
-h,r n (I - z)ye-h’f 

2 y 
-~,-,(f-~)e-*“tay(r-C) e y +(-~,) 

t y ty ’ t y t y 

for all t > To and z E (0, ti). 
Let T > To, et > T, t(1 - E) 2 f0 and 2 E (0, ti). Then 

d-r+- when t+- 

Further, let 
-A,t 

zp = lim&(t)L, 6 = inf maxh($, u) 
r-b- tY usv i 

Note that 

Lemma 8. Suppose Assumptions 1 and 2 are satisfied and 1, < 0 and 6 > 0. Then a time T exists 
such that, for any admissible function u, a number i will be found such that hi(T) I 0, where 

PitTt z, u, = 
&f(T,T, U), if T-z>z, 

0, if T-z<z, 

Pi'(t, 29 VI = SUp(h)h 2 0, -hz*(~i(t), t, ’ ‘~(9[-,(t-2)9 ‘)tV- ‘) 

(here z. is the positive root of the function CpI _ I), 
The proof is similar to the proof of Lemma 6. 

Theorem 3. Suppose Assumptions 1 and 2 are satisfied and A, < 0 and 6 > 0. Then, in game I, “soft” 
capture occurs. 

The proof is similar to the proof of the corresponding theorems for h, = 0. 
We will denote by intX, riX and COX respectively the interior, relative interior and convex shell of 

the set X C Rk. 

Example 1. Systems (1.3) and (1.4) have the form 

ii = ui - u, Zi(O) = Zp, ii(O) = Z:; llUillIl* llU/ll 

Then h1 = 0, k1 = 2, tpo(t) = 1 and cpi(l) = t, and therefore 

ci(t) = Zp + tZf , (i(t) = Z: 

Assertion 1. Suppose 0 E Intco{z:, . . . , &. Then, in game I, “soft” capture occurs. 

Example 2. Systems (1.3) and (1.4) have the form 

J3’ + 32. + 2i. = u. - u I I I 1 I ll”ill s lv Ilull s l 

.Zi(O) = ZOO, ii(O) = Zag 1 ii(O) = Zig 
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Then 
A, = -2, A, = -1, As = 0, k, = k, = k, = 1 

and therefore 

We assume 
0 

zi = zo + 2,O + lz? z! = &? + z? IO 2 il z I2 9 I 11 I2 

We also assume that zp f 0 and zi f 0. 

Assertion 2. Suppose 

minmaxmin(k(z~, u), A(zf, u)} > 0 
U i 

Then, in game r, “soft” capture occurs. 

2. PURSUIT OF A GROUP OF EVADERS 

Suppose the laws of motion of it pursuers P1, . . . , P,, with controls ui and of m evaders El, . . . , E,,, with 
controls 2) have the form 

pi = Uir ((Uill I 1, ~j = V, IlUll I 1 (2.1) 

x,(O) = xp, .q(O) = xi’, Yj(O) = YyV .Yj(O) = .Yjv xP*Yy* xf #yj P-2) 

Note that all the evaders use the same control. 

Definition 2. In game r, “soft” capture occurs if a time T > 0 and measurable functions 

ui(r) = ui(t, xfa, Yz* u,(‘)), (Jui(t>ll s 1 

exist such that, for any measurable function u(m), ]] u(t) ]] 5 1, t E [0, T], a time z E [0, T] and numbers 
4 E {I,% .a* , nlandr~ {1,2,...,m}existsuchthat 

x,w = Y,(O qQ = J+(T) 

Instead of systems (2.1) and (2.2), we will examine the system 

2ij = ui - 2), Zij(O) = Zi, iii(O) = Zf 

We will assume that the initial data are such that 
(a)foranysetofindicesZC{l,...,n}, IZ] 2k+ Lthecondition 

(2.3) 

holds; 
Intco(xf, i E I) # 0 

(b) any k vectors from the set {x: -y!, yt -yL s f r} are linearly independent. 

Theorem 4. Suppose 

Intco{xf } n co(yj) f 0 (2.4) 

Then, in game r, “soft” capture occurs. 

Proof. From the conditions of the theorem it follows that n + m 2 k + 2. By virtue of a well-known 
result ([8, Lemma 31) the sets Z C { 1, . . . , n} and.Z C (1, . . . , m} exist such that 
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rico(xf, i E I} n rico{y;, j E J} # 0 

and 111 + ].Z] = k + 2. We will assume that 

I = {l,...) q}, .I = {l,..., I) 

where q + I = k + 2. From a well-known result [8, Lemma 21, the system {zk, i E Z, j E .Z} forms a 
positive basis. If IJI = 1, then “soft” capture follows from Assertion 1. We assume that ].Z] 2 2. Let 
ci = yk - yb. Then .& =~~~+c~foralli~Z,a~.Zanda#l. 

Therefore {zii, i E I, CT, a E .Z, a # 1) from a positive basis. Since n 2 k + 1, then q + a - 1 E 
(4 + 1, .** , n} for all a E J and a # 1. By a well-known result ([S, Lemma l]), the system 

(zf,,iE I,~~+~-~,+pc~,aE J,a*l} 

forms a positive basis. By virtue of Lemma 4 a time T > 0 exists such that, for any admissible function 
u(e), a number i will be found such that 

where 

T 

1 - jP;,(T, ‘5, z)(z))& IO 
0 

f(r) 
%(f(d9 t) = t 

f(r) 

PjlCf, T9 v, = s”p{hlh2 O9 -h2J(~j*(f), r, E g~((r-2)* r)(v- U)> 

Sil(r) = Z~l +zt*?, ic I 

Sq+a-ll(O = z~+,-ll +(i~+,-ll +pcy)r, 01~ J, a* 1, V = (0: II41 5 11 

Suppose 
T 

To = inf Tlinfmax 
UC.) i I Pj,(T, 7, 2)(r))&> 1 

0 

u(e) is an arbitrary control of the evaders and rl is the smallest positive root of function h of the form 

h(r) = 1 -maxjpjl(To, 2, u(r))& 
’ 0 

Let $(r) be the lexicographic minimum among the solutions of the system 

-PjltT09 z* u(z))T3(5jl(TO>, TO) E y3((Tl)-2)* TCJ)(“- u(2)) 

We specify the controls of the pursuers, assuming ui(t) = C,(r). We also assume that f3jl(To, 2, v(z)) 
= 0 and t E [tl, To]. Then, from the system (2.3) we obtain 

ii,(r) = zf,h,(r), i E I 

~q+a-ll(t)+~t.+,-lI+~~P = (I~+CI-L1+~c~)hq+a-I(r), 01~ 4 a*1 
cw 

From the definition of To it follows that a value of r exists for which h,(To) = 0. If r E Z, then, by 
Theorem 1, in game I, “soft” capture occurs. If h, + y _ 11 (To) = 0 at a certain y E .Z, y f 1, then 
iq + y-~~(To) = -w:. 
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riCO{~i(T,), i E I} n liCO{jj(TJ, i E J} # 0 

Using equality (2.5) and the relation 

ii, = iil(To) + CI” = iit +t:a-zfl 

for all a E .Z, a f 1, we obtain 

1 
Zia = iia(To)-ii1(To)+Zfl = iia(To)+$~2i,(T~), $1 = (l-hil(To))lhi,(To) 

According to the condition, the system {z$, i E Z,j E .Z} forms a positive basis, and therefore the system 

{iil(To)lhil(To), iiaCTo> + foliil(To), a E A{ 1 II 

forms a positive basis. Since hj1(7’s) E (0, 11, the system {i#‘c), i E Z, j E .Z} forms a positive basis. 
Hence, using a well-known result [8, Lemma 21, we obtain relation (2.6). Since i4 + ao _ ii = -p@ 
and condition (2.6) is satisfied, then, using a well-known result [8, Lemma 41, we obtain 

riCO{Ai(To), i E I, i,+%- 11 (TJ}nri~o{)i~(T,&j~ l,je J}it0 

Assume ac = 2. Further, we suppose that 

z = (1,2, . . . . q+ l}, j = (2, . . ..I} 

For the sets Z and.& the condition (2.4) holds, and here the number of evaders participating in the given 
condition has been reduced by one. Taking To as the initial time, we repeat our reasoning until the number 
of evaders becomes equal to one. We will have 

riCO(~i(Z), i E I} n riCO{~j(Z), i E J} # 0 

at a certain instant z > 0, and here ]Z] = k + 1 and ].Z] = 1. Now, capture follows from Assertion 1. 
The theorem is proved. 

Theorem 5. Suppose 

Intco(x,‘} n co{yj} z 0 

Then, in game I, digression from “soft” capture occurs. 
The proof follows from a well-known result [9]. 
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